Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

Phin 1
PAT VAN PE
Trong chwong trinh todn hoc THPT céc bai toan lién quan dén diy s6 la
mot phan quan trong va luon xut hién trong cic Ki thi hoc sinh gioéi cip Tinh.
Khi day boi dworng hoc sinh gidi chuyén dé nay t6i nhan thiy hoc sinh thwong
gap khé khin trong van dé xac dinh cong thirc s6 hang tong quat cua day s, vdi li
do 1a trong chwong trinh SGK 1&p 11 hién nay chwa cung cip dwoc mot cong cu da
manh dé gitp hoc sinh gidi quyét dwoc van dé nay. Cac tai liéu cia cac tac gia khac
khi dé cip dén vin dé nay déu s dung kién thirc vé phwong trinh sai phén la kién
thirc cia toan hoc cao cap, do d6 hoc sinh rat kho linh héi, hodc linh héi mot cach
gwong ép, khong tw nhién, din dén hoc sinh chan nan, khong hirng thd hoc phan
nay.
V&i mong muén cung cdp mot céng cu gan giii hon cho hoc sinh, dé tai
“Ky ndng gidi mét s6 bai todn gi¢i han ddy sé trong cdc dé thi Hoc sinh gidi
Cdp Tinh” . Tac gia sé phan tich va dwa ra mét phwong phap gidi va kj ning dé
gidi quyét dwoc mot phan nao dé van dé dat ra, chi dwa trén nhitng kién thirc co
ban cda toan 1&p 11 ma khéng st dung toan hoc cao cap. Py ciing la dé tai va bai
gidng ma tac gia da day On thi hoc sinh giéi 1é/p 11 va 12 cia trwong THPT Lé
Loi trong qua trinh gidng day phan diy sé va cac tng dung cta day sé.

Tw twdng chung cia phwong phép la tir ndéi dung bai todn ban dau ta tim
cach dwa hé thirc truy hoi vé mot hé thirc méi bang cach dat day phu. Str dung cac
kién thirc co ban vé cap so cdng hodc cip s6 nhan dé tim s6 hang tong quat cta
day s6 mé&i tir d6 suy ra s6 hang tong quat ctia day sé da cho.

Gi&i han cta dé tai chi dirng lai & viéc xac dinh céng thirc tong quat cia
mot s6 day s6 cho béi hé thirc truy hoi, tir d6 cé 4p dung vao mot s bai toan cu
thé. Qua do6, ngudi doc co thé trang bi thém cho minh phwong phap xac dinh cong
thirc téng quat cia diay s6 va rng dung vao gidi cac bai todn lién quan. Ngoai ra
qua dé tai nay gido vién cling nhw hoc sinh c6 thé xay dung cac 1&p bai toan vé day
s6 dwdi dang hé thirc truy hoi.

Pay la mot dang toan khé doi véi hoc sinh clia nha treong nén trong dé
tai nay toi trinh bay theo thi tw tir dé dén kho theo logic, giup hoc sinh tiép cin
mot cach tw nhién va dé tié€p thu hon. Qua dé gitp hoc sinh phét trién tw duy, hé
thong héa cac kién thirc mot cach trinh ty hop Ii.
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh
NOI DUNG
A.CO SO Li THUYET

I. DAY SO.
1. Pinh nghia
a) Moi ham s6 u xac dinh trén tip s6 tw nhién N* dwoc goi 1a diy s6 vo han (goi
tat 1a day so)

u: N">R

n—u(n)

bt u(n)=u, va goi né 1a s8 hang téng quat ctia day sé u(n).
b) M6i ham s6 u x4c dinh trén tap M ={1,2;3;...;m}, véi me N, dwoc goi la day
s6 hitu han.
2. Cach cho mét day sé.
a) Ddy sd cho bdng cdng thirc ciia s6 hang téng qudt u. .
Khi d6 u, = f(n), trong d6 f 123 mot ham sg xac dinh trén N".
Vi du 1: Cho day s§ (u, ) x4c dinh b&i u, =2n+1. Khi d6 néu viét day s6 nay dwéi
dang khai trién ta dwoc 3;5;7;9;...;2n +1;...
b) Ddy sé cho bang phwong phdp mé td.
Vi du 2: Cho diy s6 (u,) véi u, 1a chit s6 thit n trong cach viét thap phén cia s&
7, khi d6 ta c6 day so: u, =3;u, =L u, =4;u, =5;...
trong trwong hop nay ta khong tim dwgc céng thirc biéu thi s6 hang u, qua n.
c¢) Ddy sé cho bang cong thirc truy hoi.
- Cho s0 hang dau u, (hodc mét vai sé hang dau)

- V&i n>2, cho mdt cong thirc tinh u, néu biét u,_, (hodc mot vai sé6 hang dirng

trwdrc no). Cac cong thirc co thé la: voi

u =a
u, = f(u,,) voin>2

n

_ |y =au,=b
hoac .
u, = f(u,,.u,,) voin>3
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

Vi du 3: cho day s8 (u,) xac dinh béi

u=u,=1
{un =u,,+U,,, voin>3

Day s6 nay dwoc goi la day s6 Phibonaxi.
3. Tinh chit ctia day so.
- Days6 (u,)dwoc goila day s6 ting néu véimoi n tacod u, <u,,,.
- Days6 (u,)dwoc goila day s gidm néu véimoi n taco u, > U,,;.
- Day s8 (u,)duwoc goi 1a diy s6 bi chidn trén néu ton tai mét s6 M sao cho:
VneN,u, <M.
- Déay so (Un) dwoc goi la diy s6 bi chdn dwdi néu tén tai mot s6 m sao cho:
vneN',u, >m.
- Day so (Un) dwoc goi la day sé bi chdn néu né vira bi chan trén vira bi chan
dwdi, nghialaténtaisé M va m saocho: Vne N', m<u, <M.
Chiiy : - Day s6 (u, ) ting < u,,, —u, >0,vn.

- Day s6 (u,) gidm < u,,, —u, <0,vn.
4. Gidi han cta day so.
a. Day sd c6 gidi han 0.
- Ta néi ring day s (u,) c6 gi¢i han 0 néu véi moi s6 dwong nhé tiy ¥ cho

trudc, moi s6 hang ctia day so, ké tir mot s6 hang nao do tré di, déu co gia tri tuyét
d6i nhoé hon s6 dwong do.

Khi d6 ta viét : lim(u, ) =0 hodc limu, =0 hodc u, -0

- Binh Ii 1: Cho hai day s6 (u,) va (v,)

Néu |u,| <V, véimoi n va limv, =0 thi limv, =0 thi limu, =0.

- Dinh I 2: Néu |q| <1 thi limg" =0.

b. Diy s06 c6 gi¢i han hiru han.

- Ta néi rdng day sg (u, ) c6 gi¢i han 12 s6 thuc L néu lim(u, —L)=0.
Khi d6 ta viét: lim(u,)=L hodc limu, = L hodcu, —> L.

Day s6 c6 gi¢i han 1a mét s6 thwe goi la diy so cé gidi han hiru han.
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

-Dinh I 3: Gid s limu_ =a, limv, =b va ¢ 1a m6t hang s6. Khi d6 :
lim(u, +v,)=a+b; lim(u, —v,)=a-b,

lim(u,v,)=ab; lim(cu,)=ca; Iims—”:%(né'u b=0).

n
- Binh Ii 4: (Téng ctia cdp s6 nhdn lui vé han)
Cép s6 nhan vd han u;u,q;u,q%...;u,q";... c6 cong bdi q véi || <1 goila mot cdp sb

nhan lui vo han.

S=u,+Ug+UuQq’+..+uq" +..= =
1-q
c. Day s6 c6 gidi han vo cuec.
e lim(u,)=+c hodc limu, =+ hodc u, —+wo
e lim(u,)=—0 hodc limu, = - hodc u, ——»
. , P e 1
- Dinh I 5: Néu lim|u | =+o0 thi lim—=0.
un
5. Cac tong dac biét
n(n+1
1+2+3+...+n= ( )
2
n(n+1)(2n+1
P+2°+3+..+n* = ( )6( )
2 2
n*(n+1)

P+22+3F+..+n= Z

I1. CAP SO CONG - CAP SO NHAN.
1. Cap so cong
u=a

a. Dinh nghia: Day s6 (u.) xac dinh béi {4
b g y ( n) . {u“ﬂ-:u“_’_d’vneN*

(a,d la hai so6 thwc cho trudc) dwoc goi la cap s6 cong.

a lasé hang dau tién; d la cong sai.

bic biét khi d =0 thi (u, ) la ddy s6 trong d6 tat ca cac s§ hang déu bing nhau va
goi la day s6 khong doi.

b. Cdc tinh chdt:
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

Dinh Ii 1: Ba s6 U,;U,.,;U,,, 1a ba s6 hanglién tiép ctia cdp s6 cong (u, ) néu:

1
U, = E(un + un+2)' (1)

Dinh Ii 2: S8 hang thit n ctia cdp s6 cong (u, ) dwoc cho béi cong thirc:
u,=u,+(n-1)d. (2)

Dinh Ii 3: Téng ctia n s6 hang dau tién (ki hiéula S,) ctia cip s6 cong (u,) :
n n
S, =U +U,+U,+..+U :E(u1+un):§[2u1+(n—l)d] (3).

2. Cap s6 nhan.
a. Dinh nghia:

Day s6 (u, ) xac dinh bai

u=a

{UM =u,.q,Vne N’
(a,q la hai s6 thwc khac 0 cho trudc) dwoc goi la cip s6 nhan.
+ a la sd hang dau tién.
+ ( la cong boi.
Pic biét khi g =1 thi (u,) la day s6 trong d6 tit ca cac s6 hang déu bang nhau va
goi la day s6 khong doi.
b. Cdc tinh chdt:
Pinh i 1:

Ba s§ U,;U,,;;U,,, 12 ba s6 hang lién tiép ctia cdp s6 nhén (u, ) néu:

ul,=u.u ,.(4)

N+l
pinh Ii 2:
S6 hang thit n ctia cdp s6 nhan (u,) dwoc cho béi cong thire: u, =u,.q"". (5)
Pinh Ii 3:

Téng ctia n s6 hang dau tién (ki hiéu la S,) cta cdp s6 nhan (u,) dwoc cho béi

cong thirc : Sn=u1+u2+u3+...+un:ul.q _11. (6)
q_
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

B.NOI DUNG

Ky ning s6 1. TINH GIOT HAN CUA DAY SO BANG CACH SU’ DUNG TiNH PON
PIEU VA BI CHAN CUA DAY SO

1. Chirng minh mot diy so c6 gidi han
Ap dung dinh ly Weiestrass:

- Néu day 56 U) tiing va bi chan trén thi né c6 gici han,

- Néu dady sé (Un) gidm va bi chdn dwdi thi né cé gidi han.
Chirng minh tinh tdang (gidm) va tinh bi chdn
Chitng minh mét ddy sé tdng va bi chdn trén (ddy sé gidm va bi chdn dwdi) béi

s6 M ta thuc hién: Tinh mét vai s6 hang ddu tién cia ddy va quan sdt méi lién hé dé
dw dodn chiéu tdng (chiéu gidm) va tim sé6 M .
2. Tinh gi¢i han ca diy s6 ta thwce hién theo phwong phap sau
- bat limu,,, = a.
-Tw limu,,, =lim f (u,) ta dwgc mot phwong trinh theo an a.
- Gidi phwong trinh tim nghiém a va gi¢i han ctia ddy (u,) la mét trong cdc nghiém
ctiia phwong trinh. Néu phwong trinh c6 nghiém duy nhdt thi dé chinh la giéi han
ctia ddy cdn tim, con néu phwong trinh c¢é nhiéu hon mét nghiém thi dwa vao tinh
chdt cua ddy s6 dé loai nghiém.
Chu y: Gidi han cta ddy sé néu cé la duy nhdt.

3. Cac vi du minh hoa

Vidu 1. Chodayso u, ;(n=1L2;...) duwocxac dinh bai: b

U= \/un +12

Chirng minh day s6 U, c6 gi¢i han va tinh giéi han dé.

Phan tich

Duw dodn gidi han ctia ddy sé, bang cdch gidi phwong trinh
a>0
a=+a+1l2 & ) —=a=4
a’=a+12

Nhdn xét u, =5

u, = Ju, +12 :\/1_7<ul
U, = Ju, +12 =17 +12 <0, ...
Ta dw dodn ddy s6 U, la ddy sé gidm va bi chdn dwéi béi 4 tikc la u, > 4
Chitng minh ddy s6 u, bi chdn: tirc la u, > 4.
Loi gidi chi tiét
Taco u =5
U, =.Ju, +12 =17 <y,
U, = Ju, +12 =17 +12 <, ...
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh
Ta dw dodn day s6 U, la day sd gidm va bi chan dudiboi 4 ticla u, >4
Chirng minh: Day s6 u, bi chdn: tircla u, >4
Khi n=1, u, =5>4. Vay n=1 dung.
Gia st u, >4, ta chirng minh:u, , >4
That vay ta cé
U =JU +12>0 0, =uU, +12< U}, —12=u, >4 = U}, >16=Uu,, >4
Vay ddy s6 u, bi chdn duéi.
Ta chitng minh day s6 u, laday so gidm

Ta co
—uy +u, +12
u.,—u =u +12 —u =-——"L_—-10
H Ju, +12 +u,
DT T C ) C s Y S TS

- Ju, +12 4y,
Vay day s6 U, gidm va bi chdn dwdinén c6 gidi han.
bat limu, =a thi limu_, =a.

Tacé U,, =4lu, +12 < limu,,, =limJu, +12

sSa=+a+l2=a=4

Vay limu, =4.

Vidu 2. Chodiyso X, ,n€N dwgc xac dinh nhw sau :

X A S
X, =1 X,,, =——— v&¢imoi neN. Tinh lim Xx,.
X +1 N—>+00

[Trich dé HSG Kon Tum nam 2011-2012]
Phan tich
Nhdn thdy (x,)=0 VneN nén ddy s6 dd cho bi chdn dwdi. Do dé ta cdn kiém tra
ddy sé dd cho c6 gidm khéng? Néu ddy sé dd cho gidm thi theo tiéu chudn
Weiestrass ddy sé da cho cé gidi han. Bang cdch qua gidi han ddy s6 ta c6 thé tim
dworc gidi han trén.

Loi gidi chi tiét
Taco (x,)=0, YneN=(x,) bichan dudi.

X X3
Xét X, — X, =—+——X, =————<0,vneN

XA+l " X+l

n

= (x,) 1a day giam.
Suy ra day (x,) co giéi han.
Goi | 1a gi&i han ctia day s6,tacé 1>0

va qua gid¢i han ta dwoc | = <1=0

12 +1

Vay lim x, =0

n—+o0

Kinh nghiém :
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh
Trong vi du trén ta nhdn thdy ddy sé dd cho gidm va bi chdn dwdi nén ta chi cdn lam
nhw sau : Dat limu_,, =lim f(u,).

- T limu,,, =lim f (u,) ta dwgc mot phwong trinh theo 4n a.

- Gidi phwong trinh tim nghiém a va gi¢i han ctia ddy (u,) la mét trong cdc nghiém
ctia phwong trinh. Néu phwong trinh cé nghiém duy nhdt thi dé chinh la gi¢i han
cta ddy cdn tim, con néu phwong trinh c¢6 nhiéu hon mét nghiém thi dwa vao tinh
chdt cta ddy sé dé loai nghiém.

Nhan xét :
Trong trwdong hop ddy sé dd cho gidm nhwng khéng bi chdn dwéi (ddy sé tdng
nhwng khéng bi chdn trén) ta lam nhw thé nao? Moi ban doc theo déi vi du sau ddy

X =3
X, =92 +11x +3;n>LneN.

Vi du 3. Cho day (xn):{

. X
Tim lim =L,

n—+0 X
n

[Trich dé HSG Kon Tum nam 2009-2010]
Loi gidi chi tiét
Chirng minh day (x,) ting va khong bi chén trén

Taco x,>0,VneN,

2
Xét X, —X, =/9%2 +11x, +3—X, = 8x, +11x,+3 >0,Vx, >0
X2 +11x, +3+ X,

Gid st 3 lim x, =a(a>0)=a=+/9a° +11a+3

N—+c0

a=-1

~|a= -g (khong thoa)

= lim x, =+

nN—+owo

, .. X ) 11 3
Dodé lim "2 =1lim [9+—+— =3
n—>+o0 Xn n—-+o0 Xn Xn

Kinh nghiém :
Trong truong hop ddy s6 (x,) dé cho tdng nhung khéng bi chdn trén ta cé
lim x, =+o0. Khi d6 dp dung dinh nghia, dinh ly vé gi¢i han ddy s6 dé tinh gi¢i han.

nN—-+oo
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

u

Cho day s6 (u,) xac dinh béi 2 Tinh Iim(i+u—2+...+ ).
Uy = 20“21+un,n >1. U, Uy Uy

[Trich dé HSG Quang Ngai nam 2020-2021]
Loi gidi chi tiét

2 2
Ta cb u,,, = 2‘(”)“2 Uy = Uy U, = 2‘3“2 = 202000, -u,) =

_ 2
2021 Tty Uy U =2021-[i—ij.
u,u  u_uu u - u,

n+1""'n

Suy ra

Y%, U 2021-£l—i+i—i+...—i+i—ij= 2021(1—ij

u2 u3 un+1 ul u2 u2 u3 un un un+1 un+l
2

Viu,,—u, = % _-0,vneN" nén (u,) la day don diéu tang.

" 2021
Gia stt (u,) bi chdn trén thé thi 3limu, =a.

2
N Ty . 7 A 4 U
Lay gi¢i han hai vé cta biéu thiec u_, =—"—+u_,
2021

2
Ta c6 phwong trinh a= a
202

l+a,suyra a=0 (voliviu, >1vn)
Do dé (u,) khong bi chan trén tirc limu, =+o.
lim(e %2, 4 )=|im2021[1—i]=2021.

2 3 un+1

n+l

Ky ning s6 2. TINH GIOT HAN CUA DAY SO BANG CACH XAC PINH SO HANG
TONG QUAT CUA DAY SO BANG CACH SU’ DUNG KIEN THU’C CAP SO CONG VA
CAP SO NHAN.

Tim s6 hang tong quat cua diy s6 cho béi hé thirc truy hoi.

Ta thdy viéc xdc dinh s6 hang téng qudt ctia cdc ddy s6 da cho la khd don
gidn khi dp dung trwec tiép cdc két qud da cé vé cdp sé cong va cdp s6 nhdn. Tuy
nhién thuwc té€ cdc bai todn chiing ta gdp hdu hét déu khdong don gidn nhw thé chang
han ddy s6 :

u, =
u,=3u,,+2 (*),vn=2

0’ day ta nhdn thdy trong hé thirc truy hoi thi hé s6 di kém u__, khdc 1 do dé
né khéng phdi la cdp s6 cdng, déng thoi hé sé di kém khdc 0 nén né khéng la cdp s6
nhdn don thudn.
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

Khi d6 ta lam thé nao dé€ xac dinh s6 hang tong quat ctia diy s6 da cho?
Sau day ta sé nghién ciru cach tim sé hang tong quat cua day so trén.

Vi du 1. Xac dinh s6 hang tng quat ctia ddy s6 (u, ) cho bdi:

v' Phadn tich

V@i bai todn nay thi cdng viéc khéng con don gidn, vi ddy s6 dd cho khéng phdi la
cdp s6 cong hay cdp sé nhdn, ta sé gidi bai todn nay véi tw twéng cd gdng dwa ddy
s0 dd cho vé dang mgt cdp sé nhdn vi “cé ddu hiéu ctiia CSN la:3u, ,”

Lol gidi chi tiét
Goi (v, ) 1a mot day s& sao cho u, =v, -1 (1). Suyra v, =3
va tir hé thiec truy hoi (*) taco:
v, -1=3(v,, -1)+2 v, =3y,
Nhuw vdy (V,) 1a mot cdp s6 nhan véi s6 hang ddu v, =3 va céng bdi q =3,
nén ta c6 s6 hang téng quat v, =3.3"" =3"
Thay vao (1) tacé u, =3"-1,Vne N".

% Kinh nghiém:

Mdu chét ctia cdch lam trén la ta dat u, =V, —1, va thay vao hé thirc truy hoi
cia (u,) ta dé dang suy ra (v,) la mgt cdp s6 nhdn. Tir d6 suy ra két qud bai todn.
Vdy cdu héi ddt ra la :“Tai sao lai ddt u, =v. —1"; “con s6 -1 tir ddu ma
c6 ”;“sao khéng ldy s6 khdc ma phdi ldy s6 —1"...

Quay lai vi du trén ta thdy néu khdng cé sé 2 trong hé thirc truy héi u, =3u,, +2
thi ddy s6 dd cho la mét cdp sé nhdn, do dé viéc xdc dinh s6 hang téng qudt ctia ddy
s6 nay la don gidn. Vi vdy ta tim cdch loai bé s6 2 dé dwa ddy s6 dd cho tré thanh
mot ddy s6 méi va la mdt cdp sé nhdn , bdng cdch ddt u, =v_ +c, thay vao hé thirc

truy hoi (*) ta cé v, =3v,, +2C+2.

Ta chon ¢ sao cho 2c+2=0 suyra ¢c=-1. Do dé ma ta cé cdch ddt nhw trén.

% Téng quat :

V&i cach 1am nhw trén ta xac dinh dwoc s6 hang téng quat cta day s (u, ) cho bai
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh
u, =
u,=au_, +b,vn>2"
- Néu a=1thi (u,) 12 cdp s6 cong véi congsai d =b,néntacé u, =a+(n-1)b.
- N&u a1, ta goi (v, ) 1a day s8 c6 cac s6 hang théa man u, =v, +c, thay vao hé
thirc truy hoéi tacé v, =av, , +(a-1)c+b.
b
+ Ta chon ¢ sao cho (a—1)c+b=0 hay c=r
—a

+ Khi d6 (v,) 1a mot cdp s6 nhan véi cong bdi q =a, s6 hang dau v, =u, —c,

thclav,=a———.
l1-a

Do d6 s6 hang tong quat : v, = (0{ —%j.a“, vn>2

Suyra u, :(a—ij.a”‘HL,Vnzz
1-a 1-a

u=a
u,=au, _,+b,n>2

n

Tong qudt : Day s6(u,) cho béi { . (a,b la cdc s6 thuc khdc

0) ¢6 s6 hang tong qudt nhiw sau:
a+(n-1)b khia=1

u =
" (a—ij.a"‘HL,VnzZ khi a=1
1-a 1-a

Nhuw vy ta da gidi quyét xong trwong hop b trong biéu thirc truy hoi di kém la
hing s6 khac 0, sau day ta s& xét mot diy s6 ma b 1a mot biéu thic f(n).

Vi du 2. Xac dinh s8 hang tng quat ctia ddy s6 (u, ) cho bdi:

u =1
u,=2u,,+3n-2,n>2

v’ Phdn tich

Véi tw twéng nhw & vi du 3. D€ tim s6 hang tdng qudt ctia ddy s6 trén ta sé tim cdch
lam mdtdi 3n-2, va dwa ddy sé dd cho vé cdp s6 nhdn.

Muén vdy ta goi (v,) la ddy s6 théa mdn u, =v, +an+b.
Lol gidi chi tiét
Goi (v,) 1a day s6 théaman u, =v, +an+b.
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

Khi d6 tr u,=2u,+3n-2 ta c6 v,+an+b=2[v,, +a(n-1)+b|+3n-2

oV, =2v,, +(a+3)n—2a+b-2

a=
Ta chon a,b sao cho (a+3)n—2a+b—2:O,Vn<:>{b

v, =8 -
Nhuw vay ta c6 u, =v, —3n—4 = (v,) x4c dinh béi { ! A 1a c4p s6 nhan, do d6

v, =821 =22,
Vay u =2"?-3n-4,vn>1.

Téng qudt :

Dé tim s6 hang téng qudt cia ddy s6 (u,) cho béi:

{ U =a
u,=au,_,+f(n),n=>2
V6i f(n) la mt da thikc bac Kk, ta lam nhw sau:
Goi (v,) la ddy s6 théa manu, =v, +g(n).
Khi dé ta co
v, =av,,+ag(n-1)—g(n)+ f(n).
Ta Iwra chon g(n) thich hop sao cho a.g(n—-1)—g(n)+ f(n)=0,vneN" (*)
= f(n)=g(n)-ag(n-1)
Do dé tir hé thirc truy hoi ta co
u,-g(n)=alu,,-g(n-1)]=[u,,-g(n-2)]a’=..=[u,—g(1)]a"".

Vay u,=|u,—g(1)]a"*+g(n).

¢ Kinh nghiém:
!!! Vdn dé & ddy la ta chon g(n) nhw thé nao cho thich hop ?
- Néu a=1 thi g(n)—ag(n-1) c6 bdc nhé hon k (la bdc cia f(n)), do dé ta
chon g(n) la mot da thirc bdc k+1, va dé don gidn ta chon hé sé tw do bdang
khéng. D€ xdc dinh cdc hé sé cia g(n) tir (*) ta cho cdc hé s6 cia da thirc

bdang 0.
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

- Néu a=1thi g(n)-ag(n-1) cé bdc k ciing bdcvei f(n), do dé ta chon g(n)
la mét da thikc bdc k. Dé€ xdc dinh cdc hé s6 cia g(n) tir () ta cho cdc hé s6

ctia da thikc bang 0.

Dé tim sé hang tong qudt cta ddy sé (un) cho béi:

{ U =a

u, =au,, + f(n),n>2

Véi f(n) la mét da thikc bdc k,a va a la hdng s6, ta lam nhw sau:

Goi (v,) la ddy s6 théa mdn, u, =v, +g(n), tir do suy ra
f(n)=g(n)-ag(n-1),vneN". Ta cd dwoc u, =[u, —g(1)]a"* +g(n).

Chii y: Néu a=1 thi ta chon g(n) la da thirc bdc k+1 c6 hé s6 tw do bdng 0, con

néu a=1 thi chon g(n) la da thirc bdc k.

Vi du 3. Cho day s8 nguyén duwong (u,)_. xac dinh boi
{u1=2019

.- Tim chir s0 tin cung cla Uyy,,.
U,,=3u,+2n+1 neN

[Trich dé HSG Kon Tum nam 2018-2019]
v' Phdn tich
R6 rang bai todn nay cé dang 2. D€ tim s6 hang téng qudt cta ddy sé trén ta sé tim
cdch lam mdt di 2n+1 va dwa ddy sé da cho vé cdp s6 nhan. Ttr cOng thikc truy hoi
U,,, =3U, +2n+1 ta hoan toan cé thé chon hé sé a=3.
Loi gidi chi tiét
Tacé U,, =3u, +2n+1< U, +n+2=3(u, +n+1).
v, = 2021
V., =3V

n+1 n

Pat v, =u_+n+1 ta dwoc { suyra (V,) _.1a cép s6 nhan,

do dé v, =2021.3"", neN",

Suy ra Uy, =V, — 2019 1= 2021.3%° — 2020,
Ta c6 3' =81 c6 tan cung bang 1.

= 3% = (34 )504 c6 tan cling bang 1.

= 3% =9.3%° ¢4 tan cuing bang 9.
= 2021.3"® ¢6 tan cling bang 9.
= 2021.3"" — 2020 c6 tan cuing bing 9.

Vay, Uy, = 2021.3°"® — 2020 1a s6 nguyén dwong va cé tan cliing bing 9.
Tiép theo ta sé xét trwong hop f(n) = b. a™
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

u=-1
u =3u_,+2",n>2

Loi gidi chi tiét

Goi (v,) 1a day s6 théa man u, =v, +a.2".

Khidotacod v, +a2"=3(v _, +a2")+2" < v, =3v,, +(%a+1j.2”.
Cho %a+l=0:> a=-2. Suyrau,=v,—2"",
Tir d6 (v,) l1a day s6 xac dinh béi {

Nhu vay (v,) 1a mot cdp so nhan véi v, =3 va cong boi q=3.
Dod6v,=33"=3".Viy u,=3"-2"" vneN".

% Téng quat :

? N\ ~ A , 2 ~ A , . ” . U, =X
Dé tim s6 hang tong quat cua ddy sé xdc dinh bm:{ e

a,b,x, la hang sé, o #1. Ta lam nhw sau:

Goi (v,) la mgt ddy sé théa mdn u, =v, +k.a".
Khidé ta cé v, =av, , +h.a" —ka" +kaa"™.

Chon k sao cho ba"—ka" +kaa"" =0(*),VvneN".

=ba" =ka" -—kaa"?

u =au,_, +ba",n>2

Tir hé thikc truy hoi ban ddu ta cd: u, —ka" =a(u,, —ka"*)=a*(u, , —ka"?)

=...=(u-ka)a""

Vay u, =(u,—ka)a"" +ka" vdi k :b—a(a;«ta).
a-a

Trwdomg hop a=a, ta phdn tich a" =na"-a(n-1).a"*, khi dé ta c6
u, —bna" = at[un_1 —b(n —1).05“‘1] =...=[u,—ba]a"".

=Uu, =ua"+b(n-1)a",VneN".
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

. ; U, = X
Téng qudt : Tim shtq ctia ddy s6 (u,) cho béi:{un _ aunj +b.0a”,n Sy
Véi a,b,x, va a la hang sé:

- Néua=a=u,=ua"" +b(n-1)a",VneN".
- Néu a#a tagoigoi (v,) la mét ddy s théa mdn u, =v, +k.a".
Chon k sao cho ba"-ka"+kaa"" =0(*),VneN".

=bha" =ka" —kaa"*

Ta dwoc u, = (u, —k.ar).a™ +k.a",voik = b_a.
a—a

Vi du 5. Cho diy so thuc duwong (un) dwoc xac dinh nhw sau

u=71u :\/5
{1 ’ . Tinh Iim(un—\3/n3+1).

(u,) =2(u,,) +(u,,) =2,¥n=34,...

[Trich dé HSG Kon Tum nam 2018-2019]
v" Phdn tich

bé'tinh Iim(un —3n’® +1) ta cdn tim s6 hang téng quadt u_ . Vi gid thiét dd cho

, A . Coo y 2 2. L §
trong vi du trén co dang 6. Vi cach ddt v, | = (un) _(unfl) khi dé ta cé dwoc

2 2

’ v, =(U,) —(u) =1 _

Vo, =V, ,+2, khidé ddy sé (v,): { CORCY la cdp s6 cong cé
V.=V, ,+2;, n=234..

cong sai d = 2. Dén ddy bai todn da dwoc g& “niit that”,

v' Lovi gidi chi tiét

Goi day s6 (v,) théaman V,_, = (un)2 —(un_l)2 voin=2;3;...

v, =(u,)" = (u)" =1
Days6 (v,): 1+ ‘7 v 12 cAp s cong c6 cong sai d =2
V., =V, ,+2; n=2,34..

=v,, =V, +(n-2)d =2n-3&(u,) —(u,,) =2n-3
Suy ra (un )2 —(un_l)2 =2n-3
(Us) —(u,,) =2(n-1)-3

o (Uy) = (u,) =233
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh
Cong tirng vé& cac dang thirc trén ta dwoc

(u ) —(u ) =2(3+4+..+n)—-(n-2).3

(u,) = Al 2)(” 3) 3(N-2)+2=n?-2n+2

Suyra u, =N’ =2n+2,véi n=1:2:.....
Vay Iim(un —\3/n3+1)=lim(\/n2—2n+2—n+n—\3/n3+1)

n+2 1
Vn®—-2n+2+n n2+n§/n3+1+(§/n3+1)2

|
|
=

=lim

K ning s6 3. TIM CONG TH’C THU GON u, THEO n CUA DAY SO

1 1 1 1
1) u=—+—+—+..+
12 23 34 n.(n+1)
1
2) U =—+—+—+...+ ;
) % =13735 57 T anon)(2n )
1 1 1 1
Ju, = + + +..+
2V1+2 3J2+23 43+3V4 (n+1)vn +nJn+1
1 1 1 1
4) u, = + + +..+
123 234 345 n(n+1)(n+2)

5) unz\/1+£2+i2+\/1+i2+i2+...+ l+i2+ L 5
1° 2 2° 3 n® (n+1)

Chirng minh:

1) VkeN'taco ! (IH_:L)_k:l—L

k(k+1) k(k+1) k k+1
Khik=1= — -2_1

12 1 2
Khik=2= — -1_1

23 2 3
Khik=3= - -2_1

34 3 4
Khiken=—+ -1 1

n(n+l) n n+l
Cong n dang thirc trén theo vé ta dwoc U, —1—L:> u, -
n+1 n+1
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

2) VK € N'ta o6 1 :1_(2k+1)_(2k_1):1[ 11 }
(2k-1)(2k+1) 2  (2k-1)(2k+1) 2| 2k-1 2k+1

ki k=1 = =7 23]

13 21 3
Kni k=22 =21 23]
35 2|3 5
Khi k=3= = =222
5.7 2[5 7
fnik=n= ot
(2n-1)(2n+1) 2[2n-1 2n+1

Cong n dang thirc trén theo vé va gian woc ta duoc

1 1 n
u,=—=|1- =>Uu, =
2 2n+1 2n+1

. 1 1 Jk+1-+k
3) VkeN taco = =
(k+2)vk +kv/k+1 \/E\/k+1(\/k+l+\/i) Jkk +1
N 1 1 B 1
(k+1)\/E+k\/k+1 Jk Jk+1
1 1 1
Khi k=1= S
1 +\/_ 1 J_
1
Khik:2:>——___
N2 B
Khik:3:>——___
IR
Khi k=n= 1 1 !

(n+1)\/ﬁ+n\/n+1_\/ﬁ_\/n+1
Cong n ding thirc trén theo vé va gian woc ta duoc
zl_Lju :*/m_l
T dner T Unet
4) Vk e N'ta c6

1 (k+2)-k 1 1 1
k(k+1)(k+2) 'k(k+1)(k+2)zi{k(k+1)_(k+1)(k+2)

Knik-1——+ -2/ 1_1
123 2{12 23

Knik=2=-—— -2/ 1 1
234 2[23 34

Knik=3=_+_ -2 - _1
345 2|34 45

u

_1
2
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

I 1 1 11
Khi k=N = ) 2) z[n(nﬂ) (n+1)(n+2)

Cong n dang thirc trén theo vé& va gian woc ta duoc

1)1 1 . n"+3n
o _E{E_ (n +1)(n+2)} “4(n+1)(n+2)

- n(n+3)
" 4(n+1)(n+2)

2 2 2,
5) Vk e N'ta c6 \/1+i 1 :\/k (k+1)" +(k+1)" +k

kK (k+1)° k?(k+1)°
B k2(k+1)" +2k (k +1) +1 [k k+1 +1] k(k+1)+1
B K2 (k+1)° (k+17  k(k+1)

1 1 1 1
= +=S+—7FG=l+-——
k (k+1) k k+1
Khi k=1= 1+1+i2—1+}—1
\/ 1?2 1 2
Khik=2= 1+i+i2—1+1—1 ............................
\} 22 3 2 3

Khi k=n= 1+%+%:1+£_i
n" (n+1) n n+l
Cong n ding thirc trén theo vé& va gian woc ta duoc
n(n+2
Un=n+1—iz>unzgl
n+1 n+1

Vidu ap dung 1.
Cho day s6 (u,) xac dinh béi u, =

trong dé P, 1a s hodn vi cia n phan tt,
+2

A‘ 1256 chinh hgp chdp k ctia n phantk. Dat S, =U, +U,+..+U_.

Tim limS, .

[Trich dé HSG Ha Noi 2009-2010]
v’ Phdn tich

L n+2)!
Nhdn thdy rang P, =nl, A’ , = ( 1 )

n!.2! 2 A A A? 2 A Ve N
=>Uu, = = . Ddu hiéu dé str dung cong thirc so 1)

(n+2)! (n+1)(n+2)
Loi gidi chi tiét
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

|
Taco Pn =nl, Pn =nl, Alz :(n;Z)
Ly o2 2
" (n+2)! (n+1)(n+2)
11 1 1
=S, =2 —=+—+—+..F—
123 34 45 (n+1)(n+2)}
P 3-2_4-3 5-4  (n+2)-(n+1)
| 23 34 45 (n+1)(n+2)
1 1 1 1 1 1 1 1 }
=S, =2 -S4 T
2 3 3 4 4 5 n+l n+2
=3, =2 1—i}:ﬂimsn:l
|2 n+2

Rén luyén ky nang sé 3.

Vidu ap dung 2.
, 2 X
Cho day so (X ) xac dinh bdi: X, =—va X . = n
ys6 (x,) ' % 3 "2(2n+1)x, +1

véi moi ne N, Hay tinh t6ng 2023 s6 hang dau tién cua diy so.

Hwéng dan

Phan tich theo dé bai :>X1:z, X, :3, ngi
3 15 35
L2 2 2
%13 %735 ©T57
Theo quy nap ta dé dang chitng minh dwoc X = 2 ,VneN’

(2n-1)(2n+1)
Ddu hiéu dé sir dung cong thirc s6 3)
Dén ddy ban doc c6 thé tinh dwoc tdng 2023 s6 hang ddu tién ctia ddy so.

Nhdn xét. Chiing ta c6 thé phdn tich theo cdch sé 2 nhw sau
X

1 1
T = n =2(2n+1)+—
X 2(2n+1)xn+1:>xn+l (2n+ )+xn
Néntacélz§
X, 2
i=2(2.1+1)+1
X X

1 2(2.2+1)+i
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

n n-1

Cong theo vé€ cdc dang thikc trén ta dwoc

Xin:§+4[1+z+...+(n_1)}+z(n_l):§+z(n_1)n+z(n_1)
:i=1[4n2—1]:>x = 2 Ddu hiéu dé st dung céng thirc s6 3)
X 2 " (2n-1)(2n+1) ' '

K ning sé 4. MOT SO DANG TRUY HOI SO’ DUNG CAC TONG - TiCH PAC BIET

u=a .
Loai 1. Cho day s6 (u.) :{ ° VneN".
u,,=u.+f(n)
u, =u, + f (1)
U, =u, + f(2)
u, =u,+ f(3)

Ta co

u,=u_,+f(n-2)

u,=u,,+ f(n-1)

Cong vé theo vé ta duwoc
U, +U,+U, +...+U , +U =U +U, +U;+U, +..+U , + T Q)+ F(2)+....... +f(n-2)

Rut gon ta dwoc u, =u, + f Q)+ f(2) +....... + f(n-1)

u =1

Vidu 1. Choda : '
- ° aYO%){%AZUMHP+2ﬁ—ﬂ+1;nZLn€N'

Tim lim——1
2023

Lol gidi chi tiét
bat f(n)=n*+2n*-n+1

Suyrau_,=u + f(n)

u, =u, + f (1)
U, =u, + f(2)
u, =u,+ f(3)

Taco

u,=u_,+f(n-2)

u,=u,,+ f(n-1
=U,+U;+U, +...4+U,, +U =U +U, +U;+U, +..+U ,+ T Q)+ F(2)+.... + f(n-1)
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

Rut gon ta dwoc u, =u, + f (1) + f(2) +....... + f(n-1)
Ma f(n)=n’+2n*-n+1néntacé

T f@)+ ()4t F(N=1)
:[13+23+33+...+(n—1)3]+2[12+22 +3 +...+(n—1)2]—[1+2+3+...+(n—1)]+n—l

(n—1)%.n? Py (n=Dn(2n-1) (n-Dn n
6 2

1

Suyrau =1+

) L 4+1 3—§n2+1—1n
4 6 4 6

AL u 1
Vay lim—-— = :
2023.n* 8092

Kinh nghiém : D€ lam t6t dang nay cdn nam vieng cdc dang téng ddc biét

1+2+3+...+n :M
P+22+3F+..+n° = n(n+1)(2n+1)
5
n?(n+1)’

P+22+3F+..+n= 7

u =a

VneN".
Uy, =u,.f(n)

Loai 2. Cho ddy so (u,) :{

u, =u,.f (1)
U, =Uu,.f(2)
u, =u,.f(3)

Ta co

U, =Un_2.f(n—2)

u,=u,,.f(n-1)

Nhan vé theo vé ta dwgc u,.u,u,..u, .U, =u.u,uu,.u, ,.f2).f(2)...f(n-1)

Ruat gon ta dwoc u, =u,.f(1).f(2)....f (n-1)

u ==L u,=3
Vidu 2. Choday (u,): [n2 _ -
(tn) b= U -1 ;VneN .
n
Tim lim(2023.u,).

Loi gidi chi tiét

Trang 21



Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

2
it f(n)=\/nn_l= n—1+/n+1

suyrau_,=u.f(n)

u, =u,.f(2)

u, =u,.f(3)

Taco <.....
U,,=u,,.f(n-2)
u,=u,,.f(n-1)

Nhan vé theo vé€ ta dwoc  u,.U,..u, .U, =U,.UzU,..U . T(2)....f(n-1)
Ruat gon ta dwoc u, =u,.f(2)....f(n-1)

P=f(2)+m. +f(n—1)_1*/_ fsf */_4“/_ ....... Jn_ns_'Jzn_l-Jnn__zf/ﬁ
V2 ok _ [ o

= . = .Suyrau, =u,.f(2)...f(n=-1) =3.
2 \/n—l n—l y n 2 () ( ) n—l

Vay1im(2023.u ) = [im 6069. / 2N _ 60694/2.

Kinh nghiém : D€ lam t6t dang nay cdn rén luyén cdc ky ndng phdn tich dé rit gon.

Mét s trwong hop thwong gdp :

1 Vn® -1 Jn-14/n+1
" on n

1 1 1 1,1 1 1
. - 5S=— 4.+
nin+l) n n+1 1.2 23 3. n(n+1)
1 1[ } g_ 1, 1.1
“(2n-)(@2n+1) 2[2n-1 2n+1 1.3 35 57 (2n-1)(2n+1)

4. u, :(1—%}“_1 :(1—%j[1—ﬁJu = ( ] lejul

' _(n+1)(n-1) (n=2)n (n-1)(n-3) (n-2)(n-4) 4.2 31, _n+l
" n’ “(n-1 " (-2° T (-3 T 22Tt an
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh
K ning sé 5. CACH PAT DAY SO PHU POI VO'I CAC DANG DAY SO CH’A
PHAN THUC.

Vidu 1. Cho day s6 (u,)xac dinh béi

u =0
_3+2u,,VneN
4+u,

n+l

o u _1 e - & \ ~ ~N A 7 H
batv, =" 3 Chirng minh rang (v,) la cap s6 nhan. Tinh limu,?
u +

n

Loi gidi chi tiét

Ta co Vi = By _; :>Vn(un +3) =u, -l un(Vn _l) :_3Vn -l u, = 3\/“ +1
u, —Vi
Thay u, = 3v, +1 vio U = 3+2u,
1-v, 4+u,
Ta dwoc
3+2un.3\/n +l
N, +1 1-v, 3vn+1+1_3—3vn+6vn+2©3vn+1+1_3vn+5
1-v , 443V t1 1-v., 4-4 +3v.+1 1-v_, 5-v
1-v,

<15y, ,,-3v,,,V, +5-v, =3v,+5-3v, Vv, -5V,

n+l*"n n+1* n

<20, ,=4v, &V, = %v

n

. N M oA s u
Do dé (v,) lacap sdnhancé v, =

0 1.1,
Suyra Vv, =V 1=—§.(g) !

v, +1
1-v

n

1.

Vay limu, =lim

v’ Phadn tich :

!!! Vdn dé & ddy la bai todn khéng cho gia thiét ddt ddy sé phu v, = 4 _; thi
u, -+

n

lam thé nao dé tinh dwoc limu_.

Trong trwong hop ta cé thé dp dung két qud téng qudt sau:
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

Téng quat:  Cho (u,): u - bu +c ,VneN
" du, +e
batv ,=bv, +ct, — «Ddttheo tirsé»,véi v, =uU, =a
t ., =dv +et — «Ddttheo mausé »,vdit =1 cd dinh

\ rd " 7 rd V
Twdosuyrav,, t, u,. Khidotacoduwoc u, :t—”.

n

Vi du 2. Cho day so (x,)xac dinh boi

X, =1
X ,VneN’

n

Xn+l

2+X,

Tim s6 hang tong quat x_ va tinh limx_?

Loi gidi chi tiét

u=x=1

v, =1

u,=u +0v hayu  =u =u =1LvneN

Xét (u,) va(v,) théa man {

vav,, =Uu,+2Vv, =V, =1+2Vv, =V,

n+1

+1=2.(v,+1) (*)trongdd X, = Y
Vv

Patt, =v,+1LVneN tr (" tacodt,, =2t
suyra(t,) lacdpsonhdncot =1,q=2
Khidétacéd t =2.2""=2"; v =t —1=2"-1

R u 1 < . 1
Viy X, =—"= va limx, =lim

n

n :O

n

n
v Nhdn xét : Trong trwong hop chiing ta khéng nhé cdch ddt ddy sé phu nhw &
trén thi chiing ta sé gidi quyét bai todn nay nhw thé nao?Moi ban doc tham khdo
cdch gidi quyét bai todn theo cdch 2 nhw sau va tim mdi lién hé véi ky ndng sé 2
vé cdc bai todn tim sé hang téng qudt lién quan dén cdp s6 nhdn
X 1 2+X, 1 2 1
= =

Cach2.x , =——= :_+1:>_+1:2(i+1)
2+X, X X X X X

n+1 n n+1 n n+1 n

1
batv,=—+1ltaco v, =2V,
X

n
n

. 1 ;
Suyra (V,) 1a cdp s6 nhdn c6 v, = —+1=2 vacongboi q=2 —v, =2.2""=2"

X
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

Dodé v, =~ +1=5 x, =—— = — L vay limx, = lim—— =0.
X v -1 2"-1 2" -1

n n

Vi du 3. Cho day s6 (u,)xac dinh béi

u, =-2

u, ,vneN". Tim s8hangtfngquét u, vatinh limu,?
un+l = 1-u

n

Loi gidi chi tiét
=U, =-2

V.
Xét (v,) va(t,) thoa man {tll
V., =V, hay =>v =-2,vneN’

Y
vat ,=-v +1t =t , =2+t (*¥)trongdd u, :t—“

n+l —
n

Patt =v, +LVneN tr(*)tacot,, =t +2

suyra(t,) lacdp s6 cong co t =1,d =2

Khidétacod t, =t +(n-1)d =1+(n-1).2=2n-1
v

A -2 :
Vay u, =-—"= va limu, =lim
t, 2n-1 2n-1

n

=0.

v' Nhdn xét : Trong trwong hop ching ta khéng nhé cdch ddat ddy sé phu nhw &
trén thi chiing ta sé gidi quyét bai todn nay nhw thé nao?Moi ban doc tham khdo
cdch gidi quyét bai todn theo cdch 2 nhw sau va tim méi lién hé véi Ky ndng sé 2.
vé cdc bai todn tim s6 hang téng qudt lién quan dén cdp sé cong.

Cach2.u_ , = Uy ! :1_u“:> 1 :i_l
1_un Uy u, U, U
1 1. 11
u 2 u 2

< 1 * .
batv,=—,VneN tacov,,, =v, -1
u

n

Suy ra (v,) la cdp s6' cdng c6 v, = 1 —%,d =-1
ul

1
Khid6tacéd v, =v, +(n-1)d :_n+§

Vay U = —=—1 -2 3 limu, =lim—2— =o0.
Vo _npl 1-2n 1-2n

2
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

K§ ning s6 6. PHUONG PHAP SU’ DUNG SAI PHAN
Sai phan: A =X, —X = ZAk :Z(Xm —X) X~ X%
k= k=1

Ky niang chinh : Biéu dién téng cdc sé hang sai phdn.

u =1
Vidu 1. Cho day (un): Upsy _ S 14U ne N
un
2023 2023 2023 2023
, . (u u u u
Tinh Ilm( 142 43 4 40 j
l'12 u3 u4 un+1

v' Phén tich

2023 u 2023 u 2023 2023
Ttr yéu cdu tinh gioi han -—+ 22—+ 23—+ ...+ chiing ta sé nghi ngay dén
U2 u3 u4 un+l

viéc diing phwong phdp sai phdn. Vdn dé & ddy ta tir cdch cho ddy s6 ta bién déi dé
dwa vé dang sai phdn thé nao?

1 1 u2023 u2023 1 1
Nhdn thdy — Yo = =1+u P> ="+ =" =" __" dénddy ban doc cé
n un un+1 un+1 un+1 un un+1
thé gidi quyét dwoc bai todn.
Loi gidi chi tiét
Tt cong thirc xac dinh gidi han day sé, ta ¢
2023 2023
1 1 u u, 1 1
— + = [
un un+1 un+l un+l un un+l
2023 u 2023 u 2023 u 2023 n 2023 n
Suyra +—+-2—+ 24, +-0 —Z Z(———)————
U, U, u, Uy kU o U Uy u U,

Rorang u, >0,¥n néntacé u, , =u, +u>

> U, . Do vay ddy so da cho tang.
Gia st day s6 bi chdn trén thin6 sé cé gi¢Gihanla |l val>1
Quagidihantacéd | =1 +1** <1 =0 (Mau thuan | >1)

Do vdy day s6 khong bi chan trén hay limu_ =

2023 2023 2023 2023
~ . (U u u u 1 1
Vay lim| 2—+ 22—+ 22—+ .+ |=lim| = —— | =1.
u, U, u, u 1 u

n

n+1

Nhdn xét : - D4i véi bai todn nay thudc dang quen thudc véiy twéng la rit gon sai
phdn dé dwa gi¢i han cdn tinh vé gi¢i han ctia ddy sé ban ddu. Vi du nay rdt thudn
loi vi cdng thikc dd thé hién khd ré nét. Do dé viéc Idp ludn cdn thdn, ky ndng bién
ddi cdn thdn la hét sirc cdn thiét.
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

- Mét s6 ky thudt thwong gdp khi ste dung phwong phdp nay

REN LUYEN KI NANG SO 6 THONG QUA CAC VI DU SAU

Vidu ap dung 1.1.
u =1

Cho day s6 (un): U2 Tinh lim| 2y Sy |
n+l:un+20‘r]22 nz= u2 u2 un+l

Hwéng dan:

2
u, _ u? _2022(u,, - )=2022£i_ 1}
u u..u u..u u u

n+1 n+1"~'n n+1*"n

Vidu ap dung 1.2.
u=Lu,= J2

Cho day s6 thuc duwong (Un):{(u ) =2(u,, ) +(u,,)*=2,vn=34
) - o ho) =2, =9,4,...

[Trich dé HSG Kon Tum 2019-2020]
Hwéng dan:

Goi ddy s6 (v, ) théaman v, , = (un)2 _(Un-1)2 véin=2;3;...

v, =(u,)" = (u,)" =1
day so (v,) { 1A v 12 c4p s6 cOng c6 cong sai d =2
V.,=V,,+2;, n=234..

=V, , =V, +(n-2)d =2n-3<(u, )" ~(u,,) =2n-3
Suy ra (un)2 _(Un—1)2 =2n-3

(U2) (U )" =2(n-1)-3

(u,)" —(u,)" =2.3-3
Cong tirng vé cac dang thikc trén ta duoc:

(u ) (2)2= (3+4+..+n)-(n-2).3

(u,) =2 (n 2)(n+3) 3(n—2)+2=n*-2n+2.

Suyra u, =\/n2—2n+2,v(yi n=12;...
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

Vi du 2. Cho d3 ; '
Vidy2. Cho ddy (u,) u_,= %(un2+un+4);neN*-

a) Chitng minh ring (u,) la ddy s¢ tdng nhwng khéng bi chdn trén.

b) Pt v, ="

k=1 U, +3

, =1,2,3.... Tinh limyv,.

[Trich dé HSG Vinh Long - Vong 1]
v’ Phdn tich

- Déchitng minh ddy s6 (u,) la ddy s tdng ta cdn chitng minh u,, —u, > 0.

- Déi vdi viéc chirng minh ddy sé khdong bi chdn ta cé thé st phdn chirng. Vi
(u,) la day s6 ting nén ta gid st ddy sé (u,)bi chdn trén. Chuyén qua gidi
han ta c¢6 dwoc diéu cdn chitng minh.,

noo1

- Gia thiét cho v. =
" kz_;‘uk+3

, =1,2,3.... ta st dung phwong phdp tim hé sé bdt

dinh dé str dung phwong phdp sai phan.

L2 h 1 1 1 Ur — Uy
Gia sw ta co =a — & =a =
u, +3 u +b u. +b u +3  (u +b)(u,, +b)
Loi gidi chi tiét
a) Dé thay v&i moi n thi cac s6 hang ctia diy s6 da cho déu duwong
1 2 1 2 1 2

Tacou ,—u =—(u-+u +4)-u ==(u"—4u +4)==(u —-2) >0

n+l 5( n n ) n 5( n n ) 5( n )

Do d6 day s (u,) 1a day s6 khong giam.
Talaic6 U, =3>2nénu, >2,¥neN.Suyrau,,—U, >0,vneN
Suy ra (u,) la ddy sé ting.

Gid stv ddy s6 bi chin trén. Khi d6 day s6 (u, ) c6 gi¢i han dat limu,=a >3
. iy 1. > R x

Chuyén qua gi¢i han ta dwgc: a= c (a°+a+4)=a=2(miu thuan)

Vay day sd (u, ) 12 day s6 ting nhung khong bi chin trén va limu, = +o.

2 .1 1 1 1 U, —U,
b) Gia st ta c6 =a — o =a —
u,+3 u +b u_ +b u +3  (u +b)(u,, +b)

hay (3a—-b)u,,, +(a—1)u,,u, =au; +(3a+b)u, +b’
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh
Dbé c6 twong rng v&i cong thirc quan hé xay dung day, ta chon a =1 thi ta dwoc
quan hé don gian honla (3-b)u,, =u? +(3+b)u, +b?

n+1

1
Sau d6 ta chon b = -2 thi ta dwgc cong thirc da cho u,,,= g(un2+un + 4)

Nhuw thé ta c6 t 1t 1
u+3 u-2 u,-2

Suyrav, =) LI LI S =1— 1
=u +3 I\u -2 u,-2) uy-2 u, -2 u,,—2

Mata co6 limu, = 4.

Véylimvnzlim(l— L j:l.
u,,—2

n+1

Nhdn xét : - Qua vi du 2 nay ta da str dung phwong phdp hé s6 bdt dinh dé tim méi
quan hé dang sai phdn gitra cdc biéu thikc lién quan nhdm riit téng cdn tinh dé di
tim gi&i han ctia ddy s6 (V).

- D61 vdi cdc bai todn tinh gi¢i han cta ddy sé thi cé rdt nhiéu dang. Do vdy viéc
thanh thao cdc ky ndng va két hop cdc ky ndng 1 vé Cdp sé céng, cdp sé nhan ; Ky
ndng 2 vé tinh don diéu va bi chdn ; két véi ky ndng sé 5 vé sir dung sai phdn thi
chitng ta méi gidi quyét tron ven bai todn trén.
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

I1I. BAI TAP 'NG DUNG BAI TOAN TiM SO HANG TONG QUAT VAO MOT SO
BAI TOAN VE DAY SO.

Trong phdn nay chiing ta sé cing nhau xem xét mét sé trng dung rdt hiéu qud
ctia bai todn tim sé hang téng qudt cua ddy sé nhw: Tinh giéi han ctia ddy sé, chirng
minh tinh bi chdn, tinh don diéu ctia ddy s6, tinh téng ctia mét ddy sé, ...

u, =10

1

Bai tap 1. Cho day s (u,)xac dinh béi : 1 . Tinh lim un.
u,,=—-u,+3,nx1

n

Bai tip 2. Cho day s6 (u, )xac dinh béi :

N—+c0

Tinh lim Yy,
i=1

Bai tap 3. Cho day s (u,)xac dinh béi:

u,=3u_,—-2u ,,n=>3

n-21

{ u=2u,=3

S8 16385 c6 nam trong day (u, ) khong ? Néu c6 thi d6 1a s§ hang thir miy?

u, = 2013,u, = 2014

Bai tap 4. Cho day s (u, ) x4c dinh béi:
u,,=2u,,—u +3nx1

a) Tim s6 hang tong quat u. .

b) Tinh téng n s6 hang dau tién Sn.

u, =
U, =+3u’+2,n>1

a) Xac dinh s6 hang tdng quat cta day s6 (u,)

Bai tap 5. Cho day s6 (u, ) xac dinh béi: {

b) Tinh téng S =u? +U> +...+ U,

[Trich dé HSG Long An 2011]
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

Bai tap 6. Cho day s6 (u, )xac dinh béi:

Tinh limu. .

[Trich dé HSG - TP HCM 2012-2013]

Bai tap 7. Cho day s6 (x,) xac dinh béi:
x, = 2005, X, = 2006
Xy (Xog + Xpaq ) = 2%, _1.X

n-1""n+1

Tinh limx..

[Trich dé Olympic 30/04- Chuyén Ly Tw Trong Can Tho]

Bai tap 8. Cho ddy s (u,) x4c dinh béi
u =4

un+1=é(un+4+4 1+2u,) vneN™

Tim cong thirc s6 hang tong quat u, cua day so.

[Trich dé HSG Thai Nguyén 2019]

u, = 2020

(n2+5n+5)un:(2n2+6n+2)u n=12:3...

n+1

Bai tdp 9. Cho déy s6 (u, ) théa man {

Tinh Iim{z ‘2‘]
n

[Trich dé HSG Kon Tum nam 2020-2021]
HU'O'NG DAN GIAI

Bai tap 1.

15 x , C
bitv, = u, 7 thi dé dang chirtng minh dwoc diy s6 (v, )1a mot cdp s6 nhin xac

25
v, =—
dinh nhw sau: 4
1
V==V _,,N>2
5
n-1
Do d6 ta c6 v, =vq"t = é(l)
4 \5
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

15 25 (1)” 15
Suy ra U =v +—="l|>| +=—
4 4 \5 4
n-1
Tedétadwoc  limu =lim| 2[1] +122|-g
4°\5 401 4
Bai tap 2.
Ta cé u, = Uy —>i:i+2(2n—l)
2(2n-1)u,,+1 u, U,
1 v =2
bt v, ==, ta c6 (va) 12 ddy s6 xac dinh boi 17
Uy V.=V  +4n-2

St dung cach gidi bai toan & Dang 2 ta tim dwoc

4n* -1 2 1 1
Vn = :}un = > = —
2 n°-1 2n-1 2n+1

” skl e
DU =u +U,+...4+U, =[1-Z [+ == |+...+ _
i1 3 3 5 2n-1 2n+1

1 2n
2n+1 2n+1

g . 2n
Vay lim » u. = lim =1m
.yn—)+oo§ ! n>+0 2N +1

Bai tap 3.

Taco u =3u

n n-1

- 2Un72 =u,-u_ = 2(un—1 - unfz)

V. =2V

n n-1

. \'
PtV =u —u_ .n>2,thi (v,) 1a diy s6 x4c dinh béi { o

tirc (v.) 12 mot cAp s6 nhan do d6 s6 hang téng quat ctandla v, =2"",

Khi d6 ddy s6 (u,) xAc dinh béi: {un i unl:1+:2"2_2,n ,
T d6 tim dwoc s6 hang téng quat ctia (u,) 1a: u_ =1+2""
Xét u, =16385 <> 1+ 2" =16385 <> n=15.

Vay 16385 la s0 hang thir 15 cua day s6 (u,).m

Bai tap 4.

a) Tt hé thirc truy héitacéb u,,—u ,=U_,—U +3

n+1
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

batv =u_,—u_,tacd diy so (vn) 1a mdt cap sb cong xac dinh bai :

v, =1
V.=V _,+3

Do d6 s6 hang téng quat v, =1+(n—-1)3=3n-2

Nhuw vy day s6 (un) xac dinh boi:
u, = 2013
u,=u,,+3n-5

Suyrau, =u,—g(1)+g(n),véi g(n)=an’+bn; abeR
Sao cho 3n—-5=an’ +bn—a(n—1)2—b(n—1),VneN*

=(2a-3)n—a+b+2=0,vneN

a3

2a-3=0 )
=

-a+b+5=0 b——z

2

7

’ ] » . 3 .
Vay s6 hang tong quat cia day soé (u,) la u, = Enz _En +2015,vne N

b.S,=u+ U+ ... +U

n

n

=S =g(12+22+...+nz)—g(1+2+3+...+n)+2015n

+2015n

_3n(n+1)(2n+1) 7n(n+l)
2 6 2

Vay S, =n(n-3)(n+1)+2015n. m

Bai tap 5.

a) Tir hé thirc truy hoéi ta cé u?, =3u>+2,n>1

n+l

Dit v, =u?, thi (v,) la ddy s6 xac dinh béi :

v, =1
v,=3v,,+2,nx1
T d6 dé dang tim dwoc v, =2.3"" -1.
Viytacé u,=+23"-1,n>1m

b)Tacé6 S=u+U2+...+U,
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Ky ndng gidi mét sé bai todn gici han ddy s6 trong cdc dé thi Hoc sinh giéi Cdp Tinh

=(2.3°-1)+(2.3 -1)+ (2.3 -1)+...+(2.3° -1)
32011 _1

= 2(3° +3 43+, ..+32°1°)— 2011 = 2. —2011=3*"_2012. m

Baitap 6. batu, =x +tteR,taco

. (3—2t)x, —2t* +2t+4
e 2% +2t+1

Chon tsaocho -2t +2t+4=0=>t=2

3
&:—E
Khi d6 (x,) 1a day so xac dinh béi : y
__ n_ (*)n>1
" 2x +5 *)
N , 1 5, .
T (*) ta c6 : — =-2——(vix, #0,Vn)
Xn+1 Xn
1 2
Pt y, =, thi (y,) 12 ddy s6 xéc dinh boi : =73
Xn You = _Syn - 2’ n>1

Tl d6 dé dang tim dwoc s§ hang téng quat cia day s6 (y,) 1a:

- 1
=—Z(-1)"5 =
Y, ==5(-1) 2
-3 S 2(-)"5 -1

R v — = U, = n-1
(-1)™'5" +1 (-1)"7'5" +1

2.(-1)""5" -1

Vay limu, =Ilim =) =2m
(-1)"'5" +1
Bai tap 7. Ta cd X, (X,q + Xy ) = 2%, Xy = 21,1
Xn Xn—l n+1
. 11
Pat y, =, thi (y,) Ia day s6 xéc dinh boi Y1~ 5005° 2 ~ 2006
" Yo = 2yn — Yo
1
3 . = 2005
Tw d6 dé dang suy ra (y,) la mdt cap s6 cong xac dinh boi 1
Yo = I 5005.2006
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Ky ndng gidi mét s6 bai todn gi¢i han ddy s6 trong cdc dé thi hoc sinh giéi Cdp Tinh

. . —-n+2007 2005.2006
Dodétacé Yy,=———~. Suyra X =—"——
2005.2006 -n+2007
Vay limx = IimM =0.m
—n+2007

Bai tap 8.Dit x, = /1+2u VneN’

2

Tacé X, >0 va X’ =1+2u,, ¥neN" hay u, = an

n+1

2 9

Thay vao gia thiét, tadugc < 9x?

2 2
X—lzl(x” 1+4+4an

2 —9=x2-1+8+8x
= (3xn+1)2 =(x, + 4)2

Suyra: 3x,, =X, +4 VneN do x, >0 hay 3"'x ,=3"x +4.3",Vne N’

bity =3"x, ,VvneN .Tacé: y,,=Yy,+43",VneN’

T do6 y,, =y, +4(3"+3"*+...+3),vneN'hay y,,, =y, -6+23"" , vne N’

Theo cach dattacé: x, =3=y,=9=y =3+2.3".

Suyra X, :2+% ,Vne N .Do dé u, =%(3+%+32—Lj ,Vne N’
Bai tap 9.
Tir (n* +5n+5)u, =(2n° +6n+2)u,,
u u u 1 u
= - n =— n+l PN > n+1 =Z.— n (*)
2n°+6n+2 n“+5n+5 (n+1) +3(n+1)+1 2 n"+3n+1
u u
Goi day s6 (Vv,) théaman V, = —"——=V, =+ =404
n“+3n+1 5
v, =404
Tw (*) ta suy ra day so (Vn): 1 ,n=L123..
Vn+1:_vn
2
o A . a A 1 1
:>(Vn) la cip s6 nhan c6 cong bdi q :E:>Vn =404.2n_1 :
404
=u, =v,.(n° +3n+1) = o (n*+3n+1)
n n 808.(n* +3n+1
:>Iim(2 g"jzlim{z—z.4gf’.(n2+3n+1)} =lim ( . ):808.
n n- 2 n
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